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Abstract. In this paper we generalized the variational formulas for the 
determinants of the Laplacians on functions of CY metrics to forms of type (0,q) on 
CY manifolds. We also computed the Ray Singer Analytic torsion on CY manifolds 
we proved that it is bounded by a constant. In case of even dimensional CY manifolds 
the Ray Singer Analytic torsion is zero. The interesting case is the odd dimensional 
one. 
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1. Introduction. 

One of the most remarkable formula that I encounter is the Kronecker limit formula, 
states that if 



It 



where t G C, Imr > and ' means that the sum is taken over all pair of integers 
(TO,n) (0,0), then E{s) has a meromorphic continuation in C with only one pole at 
s — 1 and exp(— ^i?(s)|s=o) = (Imr) \ri\ where 77 is the Dedekind eta function. 

It is a well know fact that in the case of elliptic curves {Er = C/{n + mr), Imr > 0}, 
E{s) is the zeta function of the Laplacian of the flat metric on the elliptic curves Er, 
the regularized determinant of the Laplacian is exp(— ^i?(s)|s=o) and 77^^ is equal to 
the discriminant of the elliptic curve Er- rj^^ vanishes at 00, which corresponds to an 
elliptic curve with the node. Thus the Kronecker limit formula is an explicit formula for 
the determinant of the Laplacian of an elliptic curve and gives a relation between the 
spectrum of the Laplacian and the discriminant of elliptic curves. The Kronecker limit 
formula has a modern interpretation as the Quillen norm of a section of the determinant 
line bundle. 
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There is a simple non formal explanation of the above mentioned fact. It is a well 
known fact that the spectrum of the Laplacian of a Riemannian metric on a compact 
manifold is discrete. When the manifold acquires singularities than the specter becomes 
continuous. This phenomenon suggests that when the metric "degenerates" together with 
the manifold, then the regularized determinant vanishes on the points that parametrize 
the singular varieties. The problem is how to relate the specter of the Laplacian with the 
discriminant locus. The relation is suggested by the theory of determinant line bundles on 
the moduli space, their Quillen metrics and the Ray-Singer torsion as developed recently 
by Quillen, Donaldson, Bismut, Gillct and Soule and others. 

The problem that we are going to study in a series of two papers is to find the gener- 
alization of the analogue of the Dedekind eta function for odd dimensional CY manifolds. 

The idea on which these two papers are based is very simple. The Quillen metric is 
related to the spectral properties of the Laplacian acting on (0,q) forms in case of Kahler 
manifolds. The main question is when the Ray Singer analytic torsion is the Quillen 
metric of some holomorphic section of the determinant line bundle. It is easy to prove 
that if the index of the d operator is zero, then one can construct a non vanishing C°° 
section det(9) of the determinant line bundle £ up to a constant whose Quillen norm is 
exactly the analytic Ray Singer torsion. We will show that knowing the existence of the 
non vanishing section det(9) implies that there exists a holomorphic section 77^ of some 
power of the determinant line bundle which vanishes on Voo — M{M) \A^(M), where 
M{M) is some projective compactification of M{M) such that Poo = M{M) \M{M) 
is a divisor with normal crossings. According to Viewheg M[M) is a quasi projective 
variety See H. 

For this program we need the analogue of the variational formulas for the determinant 
of the Laplacian of a CY metric acting on (0,q) forms. The variational formulas are very 
important in the construction of the holomorphic section rj'^ mentioned before. 

In this paper we will generalize our variational formulas that were proved for the 
Laplacian of a CY metric acting on functions to (0,q) forms. See [Q and pT[ |. 

We discussed the problem of finding the relations between the spectral properties of the 
Laplacian of CY metric on K3 surfaces in a series of joint papers with J. Jorgenson. (See 
0, §, g and The results of these papers showed that the problem of relating the 

spectral properties of the Laplacian of CY metric on even dimensional CY manifold is very 
delicate one. For example, in the case of algebraic polarized K3 surfaces we showed that 
the determinant of the Laplacian defines the discriminant locus of polarized K3 surfaces 
for polarization classes e such that the Baily Borel compactification of the moduli space 
of algebraic pseudo-polarized K3 surfaces r„\5'Oo(2, 19)/S'0(2) x S'0(19) contains only 
one zero dimensional cusp. In the other cases the discriminant locus can not be recovered 
from the spectral properties of the Laplacians of CY metrics. The difficulties in the even 
dimensional case are based on the fact that Ray Singer Analytic torsion is zero and the 
index of the d is equal to 2. So we can not find a non vanishing canonical section of the 
determinant line bundle. 

The analytic torsion for Enriques surfaces is discussed in JlSf from point of view of 
string theory and in |2^ from mathematical point of view. Based on these two papers one 
should consider the Enriques surfaces from the point of view of the spectral properties of 
the Laplacian of CY metric as an odd dimensional CY manifolds. 

There are relations between the results our results in the series of the two papers and 
the results of in Q. Some of these relations are discussed in |Q The results and the 

^The mistakes that appeared in these papers are corrected in [Q. 
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conjectures stated in thes two papers are related to the results in Q and 

This article is organized as follows. In Section II we introduce the basic definition 
and some notations. In Section III we review Kodaira-Spencer-Kuranishi deformation 
theory of Calabi Yau manifolds following j2l]. In Section IV we introduce some canon- 
ical identifications of different Hilbert spaces on a CY manifold. We prove that some 
operators are of trace class and compute their traces. In Section V we proved that 
Tr{exp{—tAq)) — (prr(exp(— tAo)), where A, is the Laplacian of the Calabi Yau met- 
ric acting on (0,q) forms. Our proof is based on Bochner type technique. In Section VI 
we formulate and prove the main Theorem of this article, namely that log(dct(Ag)) is 
a potential for the Weil -Petersson metric. In Section VII we gave some applications 
of the technique and results that we used in the previous section. We prove that the 
coefficients a^k in the short term asymptotic expansion of the trace of the heat kernel of 
CY metric for < fc < dimcM are constants. In Section VIII show that Ray Singer 
analytic torsion of CY metric I(M) is bounded. 

Acknowledgement 1. The author wants to thank G. Moore for many stimulating con- 
versations about the topic in this paper. These conversations inspired many of the ideas 
and the results in this paper. I want to thank my friend J. Jorgenson for introducing 
me to the exciting world of determinants of Laplacians. I am grateful to S. Donaldson, 
S.-T. Yau, G. Zuckerman, D. Kazhdan, S. Lang, B. Lian, J. Li, K. Liu, Y. Eliashberg 
and R. Donagi for their encouragements, useful comments and support. I want to thank 
Sinan Unver for his help. Special thanks to the National Center for Theoretical Sciences 
(Taiwan ) for their hospitality during the preparation of this article. I want to express my 
special thanks to Prof. Chang and Prof. Wang. I want to thank Yale University for their 
hospitality and the opportunity to lecture on part of the material included in this paper. 
I want to thank G. Moore, D. Mostow and G. Zuckreman for making a number of useful 
comments. I want to thank P. Deligne for his useful and critical remarks. 

2. Some Remarks, Notations and Preliminary Results. 

2.1. Definition of the Regularized Determinant. Let (M,g) be an n dimensional 
Riemannian manifold. Let Ag = dd* + d*d be the Laplacian acting on the space of q 
forms on M. It is a well known fact that the spectrum of the Laplacian A^ is positive and 
discrete. This means that the non zero eigen values of A^ are < Ai < A2 < ... < A„ < ... 
We will define the zeta function of A^ as follows: Cq{s) = X^i^i ^7'^ ■ I* is a well known 
fact that Cg(s) is a well defined analytic function for Re(s) ^ C, it has a meromorphic 
continuation in the complex plane and is not a pole of Cq{s). Then we define det(Ag) = 
exp(-^(C,(s))M. 

2.2. Definitions and Notations. Let M be a n-dimensional Kahler manifold with 
a zero canonical class. Suppose that H''{M,Om) — for 1< k < n. Such manifolds are 
called Calabi-Yau manifolds. A pair (M,L) will be called a polarized CY manifold if M is 
a CY manifold and L e iJ'^(M,Z)0 is a fixed class such that it represents the imaginary 
part of a Kahler metric on M. 

Yau's celebrated theorem asserts the existence of a unique Ricci flat Kahler metric g 
on M such that the cohomology class [Im(g)]=i. From now on we will consider polarized 
CY manifolds of odd dimension. The polarization class L determines the CY metric g 
uniquely. We will denote by A, — d o d + d o d the associated Laplacians that act on 

^Notice that _ff"i'i(M,K) =H^{M,R) since H'^{M,Om) = for CY manifolds. 
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smooth (0, q) forms on M for < q < n. 9 is the adjoint operator of d with respect to 
the CY metric g. The determinant of these operators Aq, defined through zeta function 
regularization, will be denoted by det(Ag) . 

The Hodge decomposition theorem asserts that r(M,r2°''') — Im(i9) © Im(i9*) for 1 < 
q < dime M — 1- The restriction of A, on Im(9) will be denoted by A^ = d o d , 
and the restriction of Aq on Im(9 ) will be denoted by A'q = d o d. Hence we have 
Tr(exp(-tA,) = Tr(exp(-tA^) + Tr(exp(-tA'^). This implies that Cq{s) = = 
'~,q{s)+Cq where Afe > are the positive eigen values of A^ and C,q{s) & Cg (s) are the zeta 
functions of A^ and A^. From here and the definition of the regularized determinant we 
obtain that logdet(Ag) = logdet(Ag)+logdet(A|^). It is a well known fact that the action 
of A^ on Im d is isospectral to the action of A^^^ on Im d, which means that the spectrum 
of Aq is equal to the spectrum of Aq^^. So we have the equality det(Ag) = det(A^_|_j). 

Notation 2. Let f be a map from a set A to a set B and let g be a map from the set B 
to the set C, then the compositions of those two maps we will denote by fog. 

3. Kodaira-Spencer-Kuranishi Theory for CY 
3.1. Basic Definitions. In and was developed the local deformation theory 
of CY manifolds. We will review the results in and |^ in this section. 

Let M be an even dimensional C°° manifold. We will say that M has an almost 
complex structure if there exists a section I G C°°(M, Hom{T* ,T*) such that P = —id. 
T is the tangent bundle and T* is the cotangent bundle on M. This definition is equivalent 
to the following one: Let M be an even dimensional G°° manifold. Suppose that there 
exists a global splitting of the complexified cotangent bundle T* (E)C = 17^'° © fi"'^, where 
ri"'i = Jl^'O. Then we will say that M has an almost complex structure. We will say that 
an almost complex structure is an integrable one, if for each point x SM there exists an 
open set U cM such that we can find local coordinates z^, .., z", such that dz^, .., dz^ are 
linearly independent in each point m and they generate rj^'^jc/- 

Definition 3. Let M be a complex manifold. Let </> e T{M,Hom{^)}'^ ,^^'^)), then we 
will call (p a Beltrami differential. 

Since T{M,Hom{n^'" ,n^'^)) ^ T{M,n°^^ ® T^'O), we deduce that locally can be 
written as follows: 4'\u — ^ 4'^^,^ ^ gf?- Fi'oni now on we will denote by 

/ 0(r) \ 

- 0(r) ^d ) ■ 

We will consider only those Beltrami differentials (p such that det{Aij,) ^ 0. The Bel- 
trami differential 4> defines an integrable complex structure on M if and only if the 
following equation holds: 90 + i [(/),</>]= 0, where 

[0, 4>] \u E"=i Ei^.</3^„ (E:=i ('^^^'''^f ) " '^^ (^'''^^))) d'z"^d-/®^■ (See 
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3.2. Kuranishi Space and Flat Local Coordinates. Kuranishi proved the follow- 
ing Theorem: 

Theorem 4. Let {(j>i} be a basis of harmonic (0, 1) forms ofM.^{M, T^'°) on a Hermitian 
manifold M. Let G be the Green operator and let 4>{t^, --jT^) be defined as follows: 

then there exists e > such that if t = {t^ , ..,t^) satisfies \Ti\ < e, then 4>{t^ , •■i''"^) 
IS a global C°° section of the bundle n^°'^'> (g)T^^°.{See 

Based on the Theorem ^ we proved in |^ the following Theorem: 

Theorem 5. Let M be a CY manifold and let {(pi} be a basis of harmonic (0, 1) forms 
with coefficients in T^'" of IHI^(M, T^'"), then the equation: d4>+ \ [cj), 0] = has a solution 
in the form: 

(j}{Tl,..,TN) = E!Il<^iT' +E|/„|^2<?^/ivT'^" = 

Ell <l>^r' + P*G[0(ri, ..,r^),</.(ri, ..,T^)], 

d (/)(ti, .., Tjv) = 0, where Ijy — {ii,..,i]y) is a multi-index, (fyj^^ G C°°(M, fJ'^'"'^ ® 
2^1,0)^ ^Im = (^i)ii jVV)iiv and for some £ > 0(r) e C°^{M,n°'^ ®T^^^) if |r*| < e 
and i = 1, ..,N. See [|§ and (||]. 

It is a standard fact from Kodaira-Spencer-Kuranishi deformation theory that for 
each T — (r^,..,r^) as in Theorem ^ the Beltrami differential (/)(r^, .., r^) defines a 
new integrable complex structure on M, i.e. the points of /C, where JC : {t = (r^, ..,t^)| 
|r'| < e} defines a family of operators dr on the C°° family /C x M — > M, parametrized by 
K, and iSt- are integrable in the sense of Newlander-Nirenberg. Moreover it was proved by 
Kodaira, Spencer and Kuranishi that we get a complex analytic family of CY manifolds 
TT : X ^ IC, where as C°° manifold X ^ IC 'x M. The family tt : X ^ IC \s called the 
Kuranishi family. The operators dr are defined as follows: 

Definition 6. Let {Ui} be an open covering of M, with local coordinate system in Ui 
given by {^.f} with fc = 1, ...,n =dimcM. Assume that: 4){t^ , ..,T^)\ui is given by: 

Then we define (B),- = X - ELil-^C^'. ■■'^^))jaf^- 

Definition 7. The coordinates r = (r^, ..,t^) defined in Theorem ^ will be fixed from 
now on and will be called the flat coordinate system in K.. 

3.3. Weil-Petersson Metric. It is a well known fact from Kodaira-Spencer-Kuranishi 
theory that the tangent space Tt^k, at a point t € K. can be identified with the space of 
harmonic (0,1) forms with values in the holomorphic vector fields M.^{Mt,T). We will 
view each element e M^(Mt,T) as a pointwise linear map from to J^m'"'^''- Given 

(f>i and 4>2 G H-'^ (Mt- , T) , the trace of the map: 4>i4'2 ■ ^m'^'' ~^ ^m'^'' at the point m gMt- 
with respect to the metric g is simply: 
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Definition 8. We will define the Weil-Petersson metric on JC via the scalar product: 

< <^i, 02 >= /m Tr{(t)i(f)2)vol{g). 

We proved in |^ that the coordinates r — (r^, ..,t^) as defined in Definition |^ are 
flat in the sense that the Weil-Petersson metric is Kahler and in these coordinates we have 
that the components -j of the Weil Petersson metric are given by the following formulas 
in these coordinates: 

On page 332 of ||2l| the following results is proved: 
Lemma 9. Let (p E IHI^(M, T) be a harmonic form with respect to the CY metric g. Let 

then c^j = 9j1^\ = Y.%i d.j^i = <hji- 

We will use Lemma ^ to prove the following theorem: 

3.4. Infinitesimal Deformation of the Imaginary Part of the Weil-Petersson 
Metric. 

Theorem 10. ATear the point t = of the Kuranishi space JC the imaginary part l'n\{g) 
of the CY metric g has the following expansion in the coordinates r := (t^,..,t^): 
Im(r7)(r,r) =Im(5)(0) + 0(r2). 

PROOF: In ||2l| we proved that the forms 9'; ^ dz'' + J^i^i ..,r^)jd? (fc = 
1, .,n) form a basis of (1,0) forms relative to the complex structure defined by r G /C in 
U CM. Let 

Im(g.) = V^Ei<k<i<n9uir,T) B\ n¥,. 

and 

= <?M(0) + Ef=i ((.9,j(l))^r' + +0(2). 

Substituting in the expression for Im((7r) the expressions for we get the following 
formula; 

Im(g,) = V^Ei<fc<i<„5fcj(r,r)(?^- A?^= V^Ei<fc<i<„ 5fej(0)d--'= A 
+ E.=i r'V^ (Ei<fc<z<„ A dz^ + Yrrn=i{9K^'¥:j- 9iMW^)dz^ ^ ^^0) 

+ Eti (Ei<fc<i<„ ( ^ dz^ A d? + - 9i;f^W^dz^ ^ ) • 

From Lemma |9| we conclude that Em=i(fffc,"i'^^ ~ 9i,m(f'^-^) = and so: 

lm{gr) - V^Ei<k<i<n 9krii^)dz'' A d?+ 
Ell r^V ^ {Ei<u<i<n (gfcj(l)) ^ dz^ A d?) + 
Eti ^V=TEi<fc<i<„ (.9fc j(l)) ^ A + 0(2). 
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Let us define (1,1) forms xpi : 

= V^(Ei<.<;<„ (.9,,i(l))^d^'= Ad?) . 

Since 

[Im(.gO]-[Im(.go) + Eti + Eti + OCr^)] = [Im(.go)] 

we deduce that each 'i/'i is an exact form, i.e.: ipi = V^^ddfi, where fi are globally 
defined functions on M. If we prove that ipi — our theorem will follow. In we 
proved that; det(gT-) =det(.go) + 0(2). From this result we deduce by direct computations 
that: 

det(ff,) =det(5o) + Eti ^' {V^Ek^i g^'^diAif,)) + E^i ^(complex 

conjugate)+0(2). 

Hence we obtain that for each i we have; J^k i9^'^'^kdi{fi) — ^{fi) ~ 0, where A is 
the Laplacian of the metric g. From the maximum principle, we deduce that all fi are 
constants. Theorem |l^ is proved. ■. 

4. HiLBERT Spaces and Operators of Trace Class. 
4.1. Spectral Canonical Identifications of Some Hilbert Spaces. 

Definition 11. We will denote hy Ll^_^{l\n(d* )) the Hilbert subspace in L'^{M,n^'^'''-'^^) 
which is the completion of d* exact forms in C°°{M,n^^'''~^'>) for q > 1. In the same 
manner we will denote by Lq ^(Im(9)) the Hilbert subspace in L^{n^^'''^) which is the 
completion of d exact {0,q) forms in C°° {M,fl^° for q > and by Ll^_i{lm{d)) we 
denote the Hilbert subspace in L^(ri(^'^~^^) which is the competition of the d exact 
(l,g — 1) forms in C°°(M,r2'^^'*~^^) . All the completions are with respect to the scalar 
product on the bundles Vt'P''^ defined by the CY metric g. 

Let (f>{T^, .., ) be the solution of the equation d(j){T^ , .., )= ^[^(t-^, .., .., t 

)] established in Theorem ||. From the Definition || of the Beltrami differential we know 
that (/)(t^, ..,t^ ) defines a linear fibrewise map (/)(t^, ..,r^) : Q^-^'^'> il^^'^^. So 

(/)(ri,..,r^ )e C°°(Af,77om(r!(i'"),r!(0'i). 

We define the following linear map between the vector bundles (pAid : fj^'^''?-!) fl^^'i) 
as A a) = (l){dz^) A a. 

Definition 12. For each 1 < q < n, (j} Aid defines a natural operator F(q,(f)) between the 
Hilbert spaces L^{M, n^^'i-^')) and L^(M0°^'J'> ). 



Definition 13. The restriction of the map F(q,(f)) on the subspace Im(9) C L'^{M, 
f^Ci.?-!))) to Im(a) C (M,n^°''J') ) will be denoted by F'{q, </>). 

Lemma 14. The Hilbert subspaces Ll^^_^{lm{d )), LQ_^(Im(9)) and L^_^_j(Im((9)) are 
invariant with respect to the Laplacians 
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A'g^l = dg_l O dq, A, = a, O dg+l, 

i.e. 

A;_i(i^.,_i(Ini(9*)) = Ll^_,{lm(d*)), A'^{Ll^{lm{d)) = Lljlm(d)) and 
Al{Llg_,{lm{d)) ^ Llg_,(lm{d)) 

PROOF: The proof of this lemma is standard fact from Kahler geometry. The first 
two identities foUowed from directly from the definition of the Laplacian. The last equality 
follows from the fact that in Kahler geometry the Laplacians Ag_i = dq-id^ + dq_idq 

and A'g_i = dq-id* + d*_idq coincide, 9* = [A, 9,] and d* = [A, a,]. See jl^ and JlOt- 
Our lemma is proved. H. 

Let us denote by {wi(0, g— 1)| i = 1, oo} all the eigen forms of the Laplacian A^-iin 
the Hilbert space Lq q_i{\m{d )) with norm equal to one. In the same way we will denote 
by {a;i(0, q)\ i — 1, oo} all the eigen forms of the Laplacian Aq with norm one in the 
Hilbert space _Lq (Im(9)) and by {cji(l, q — 1)| i — l,...,oo} all the eigen forms of norm 
one of the Laplacian Agin the Hilbert space L\ ^_j^(Im(9)). 

Lemma 15. The forms {a;i(0, g — 1)| i = 1, oo}, {t'^i(0, q)\ i — 1, oo} and {^^(1, q — 
l)|i = l,...,oo} form ortlionormal bases in the Hilbert spaces Lq g_i{lm{d )), Lq q(lm{d)) 
and L2 g_^(Im(a)). 

PROOF: The proof of this lemma is standard fact from the theory of self-adjoint 
compact operators in Hilbert spaces. See [||. ■. 

Lemma 16. Let (M,g) be a Kahler manifold with a Kahler metric g. Let 
(L2,g_i(Im(9^)), K(0, q - 1)}), (Lljlmid)), {io,{0, q)} 



and {L\ ^_j^(Im(9)), {uji{l, g — 1)}) he the Hilbert spaces with orthonormal bases defined 
Definition ^/or q> 1. Then 



PROOF: This a standard fact which can be found in 119(1. B- 



Remark 17. Lemma 16 gives a natural identihcation of the Hilbert spaces Lq ^_]^(Im((9*)), 
i§ g(Im(9)) and L\ g„]^(Im(9)) because we can choose natural bases of all these Hilbert 
spaces by choosing an orthonormal basis consisting of eigen forms of the Laplacians. We 
are using the following orthonormal bases to get the above identihcations: 

{-^(0,.}, {j§^ := e.} and { /J. 

4.2. Trace Class Operators in Hilbert Spaces. We will define the trace of the 
operator F (q,(/)):L^ g_]^(Im(9)) — > Lq g(Im(9)) (if this trace exists) acting on the identified 
Hilbert spaces as the usual trace of an operator acting on a Hilbert space. For example we 
define the trace of the operator F (q,0) with respect to the orthonormal bases 

{jBmF = "'(1' ■■= { Jg;^ = -,(0, g + 1) /.}. 
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Theorem 18. Let F'(q,(l)) be defined as in Definition then F (q,4>) are operators of 
trace class. 

PROOF: From the Definition |3| of the operators F {q, <p) we know that they are 
induced by the fibrewise Unear maps cj) Aid il^'^. 

Since M is a compact manifold we can choose A^i^g_i global C°° forms ipi of type 
(l,q-l) such that they span at each point y £ M, the space ilj'^^^. In the same way 
we can find A^o,? forms Cj of type (0,q) such that they span at each point y € M, the 
space Without lost of generality we may assume that both ipi and aj are linearly 

independent vectors in the identified Hilbert spaces ,j_i{Im(9)) & Ll g{lm{d)). 

Then the maps F(q,(/)):Lj (Im(9)) Ll^g{lm{d)) are given by iVi_g_i x A^o.g niatrix. 
So the maps F(q,0) are linear operators between finite dimensional spaces therefore they 
are of trace class. Since F (g, 0) are the restriction of the trace class operators F(q-1,(/)), 
we deduce that F (q,0) are of trace class too. Theorem |l^ is proved. ■. 

Corollary 19. The operator d ^ o F {q, tj)) o d is of trace class. 
PROOF: We have identified the Hilbert spaces 

Llg_,{lm(d*)), Llg{lm(d)) and L?,,_i(Im(a)) 

in Remark p7| . 

The operators d o F {q,(p) o d which act on Lq y_i{lm{d*)) can be considered as 
a composition of a differential operator, operators with a smooth kernel and integral 
operator by using the above identification. From Proposition 2.45 page 96 in the book 

it follows directly that the operator d o F {q, cj)) o d is of trace class. Cor. |l^ is proved. 

Theorem 20. Foi' t > and q> 1 the following equality holds 

rr(exp(-i(A;_i)) od^' oF'{q,cP)od) = Tr (exp (-iCA^,) o 0)) = 

Z^i^i e^p{-tXi)aii. 

where Xi are eigen values of ^q-i o,nd we have the following expression for the trace: 

Tr (F\q,cj,))^YZl^^r 

in the orthonormal bases consisting of eigen vectors of the corresponding Laplacians 
as defined in Lemma [7^ 

PROOF: Theorem |l8| and Corollary imply that the operators d oF {q,(j))od and 
F {q, 0) are of trace class. The proof of this theorem is based on the direct computation 

of the traces of the operators d o f' (g, (/>) o d and F' (g, 0) with respect to the standard 
bases of orthonormal vectors 

{^sS^ = -^d-'^ - 1)} {^^$:^ - .)} , 

where A,_i (wi(0, q - I)) = XiUJi{0, q-l), AqUJi{l, q-1) = AiCJi(l, q-l) and AqUJi^O, q) = 
XiUJi{0,q).{See Lemma [l^) . Let 
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F' {q,4>){uJ,{l,q^l))^ i^j (0- 9)) ■ 

Lemma 21. We have the foUowing formula: 

Tr (d'' o f' (q, 0) o d)^TriF' (q, 0)) = -£7=1 and q> 1. 

PROOF: The operator d ^ o F {q,(f>) o d act on the Hilbert space L§ ^_]^(Ini(9*)) 
with an orthonormal basis of non zero eigen vectors of the Laplacian Aq_i {uji{Q, q — 1)}. 
Recall that \\duji{0,q— 1)|| = ||9a;i(0, g— 1)|| = So we have 

duji{0, q-1) = \/A~cji(l, 9 - 1) and duji{0, q - 1) = \/A~Wi(G, q). 

From the expression F (q, 0)(a>i(l, (7 — 1)) = X^j^i ^.tji^ji^^l)) ^-nd above equalities 

we obtain the following formula for the matrix of the operator d o F (q, (f) o d in the 
basis {uJi{0, q — 1)} 

d^' o f' {q, <P) (a(a;.(0, q - 1)) = d~' o f' (q, 0) {V)^.LO,{l,q - 1)) = 



Substituting in the last formula the expression 



LiJj(0, q) we obtain that 



d oF 



{q,4>) (a(a;.(0,g- 1)) = VA7Er=i «».(^"^ '"'y^''^ ) 



Er=i^«^..K(o,'7-i)). 



So 



Tr 



(d-' o f' {q, 0) o a) = {J:T=i ^^^^(^M 9 - 1)), ^..(0, q ~ 1) 



On the other hand we know from Theorem that the operator F'{q, (j)) is of trace 
class. From the canonical identifications of the Hilbert spaces L\ ^_i{imd) and Lg ^(Im9) 
by the orthonormal eigen forms with a non zero eigen forms we deduce that 

Tr(F'(q,4>))^YZi { F'(q,0)(a;.(l,<7- l)),c.,(0,g)) = 



Lemma |2l| is proved. I. 

The End of the Proof of Theorem The formulas A^.^ (0)^(6, g - 1)) 
AiWj(0, (? — 1) imply that 

exp(-t(A„_i) (l^,(0, q-l))= exp(-tAj>,(0, q - 1). 



From the expression d ^ o F {q, cj)) o d{uji{0, 9 — 1)) = ^ij/T^'-^ji^i 9^1) proved in 



Lemma 21 we deduce: 
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Tr (exp(-i(A;_i) od ' o F' (g, 0) o a) = 
E^i ( {exp{-t{Al_,) o d^' o {f' {q, 0)) (duj.iO, q - 1)), c.,(0, q - 1)) ^ 

EZi (ET=,exp{-ti\,)a,,^u;,iO,q- l)),u;,{0,q- = 
J2tLi aMexp(-iAi). 

So we obtain Tr(exp(— t(A^) o ^ (a^) |r=o) = X^i^i '^ii 6xp(— tAi). From the ex- 
pression ((9wi(0, 9—1)) = Ai (9wi(0, (7 — 1)) we obtain that exp(— <A^)ti;i(l, g — 1) = 

exp(— Aii)ti;i(l, g — 1). From the formula F {q,(l)){iOi(\,q — 1))) = YlJLiO-ij{^j{^il)) we 
conclude: 

(^exp(-tA^) o F'(g,(^)j (w,(l,g-l)) = X^^li exp(-Ajt)u;,(0, g) 



and so 

Tr 



(^exp(-t A|^) o f' [q, = a^i Ai exp(-Ait) = 

Tr (exp(-t(A^_i)oa"^oi^'(g,(/))oa) . 



Theorem ^ is proved. 
Corollary 22. We iiave the following formula: 

Tr (exp(-i(A;_i) o d^' o (g, 0) o a) Tr (cxp(-tA;) o f' {q, 0)) = 
Tr (exp(-iA;) o t' (g, ,/))) = ^^l, a,, exp(-A,i). 

Corollary 23. an tends to zero with i ^ oo exponentially fast. 



Repeating the arguments that we used to prove Theorem 20 we get the following 
Theorem: 

Theorem 24. For t > and q> 1 the following equality holds 

Tr (exp (-t(A'^_i)) o o F'{q, 0,) o F' {q,, 0) o d) - 
Tr (exp (-i(A;^) o F' [q, (b,) o f' (q,, c^)^ = ^Jl, c,, exp(-A,t) 

where Tr {f' {q,4>j) o F [qi^cf))^ = Ljli Cii- 

5. Bochner's Formulas for CY manifolds. 
We will now give explicit expression for Ray-Singer torsion using In order to use we 
need to have information about the relations between rr(exp(— A^)) and rr(exp(— Aq)). 
We will use Bochner technique to find these relations. 

Theorem 25. rr(exp(-iA,)) (")Tr(exp(-tAo)). 
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PROOF: In order to prove Theorem ^5|we will use the following formulas proved in 
[ p^ on page 119: Let M be a Kahler manifold and let A be the Laplacian of a Kahler 
metric defined on (p,q) form 



then 



I pm — ^ fk __ _ _ 

"t' Z^fc Z^i 2^m,n ikJi 'f^ii,.,ifc_i,m,ifc,.ipji,.j"i_i,rij"i^.i, 

where j j. ; is the curvature of the Kahler metric g, Vj = dj and Vi is the covariant 
derivative in the direction 7^ and 

p rn v^n fjn,k p 

where Rk.m is the Ricci curvature. If M is a CY manifold and g is a CY metric, then 
Rk,m — 0. When (f> is a form of type (0, q), then from the above mentioned formulas we 
obtain that: 

On page 110 in jl^thc following formula is proved: 
Using all these formulas we get 

From here Theorem |25| follows directly, i.e. Tr(exp(— A,)) = (pTr(exp(— Ao)). Our 
Theorem is proved. I. 

6. Variational Formulas. 
Let < (f>i^ (f>j > be defined as in Definition ^, then 

Theorem 26. The following variational formulas hold for CY manifolds of complex di- 
mension n > 2 : 

i- log(det(A;))(0) - {^ZD < 0., > for 1< g < n - 1. 

-(^(log(det(A;))(0) =< 4,0, > for g = 1 or n. 
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6.1. Ideas of the Proof. Let q > I. The proof of Theorem ^ is based on the fact 
that C(j-i(s) is the MeUin transform of Tr cxp{—t{A^_i), i.e. we have 

C,-i(s) - p^/;°(rrexp(-t(A^_i))i^"'rfi- 

The definition of det{Aq_i) — — ^ (Cg_i(s)) \s=q, and the power series expansion of 
zeta function C<}-i(s) = Cg-i(O) + ^ (Cg-i(0))s + ... suggest that in order to compute 
(det ^log(Ag_;^)^ )|^=o ^6 nBcd to compute 

Ts (37femrT^-exp(-t(A;_i)t-idt) |,=o,.=o . 
First we wiU compute -^Tr exp{—t{Ag_i) and will prove that 



^Tr exp(-t(A,_i) = t^Tr exp [{-t{Ag_,) o d o 0,) o d 
*Z]j^iexp(-Aii)Aia.ri, 



where Tr(F'(q,(j)i)) = y^^iflM- By integrating by parts and following closely the 
arguments from the book |^] on page 257-260 we will obtain 



I- rr^exp(-t(A-,_i)t-Mi) = 

Tr (exp(-i(A,_i) o d^' o F'{q, 0,) o d) t'~'dt. 



From the last formula we will obtain that: 



Ts (i;ferri) rrrexp(-t(A,_,)t-Mi) U.o,.=o 
-limj= Tr (exp(-t(A,_i) o 9"' o o 8 



Direct computation will show that: 

limJ= Tr (exp(-i(A;_i) o d'' o F'{q, o d) = 
limTr (exp(-t(A'^_i)) o d'^ o F'{q,(^,) o F'{q, (j),) o d) 



Tr [F'{q,cj>j)oF'{q,^,)^ 

6.2. Preliminary Results. 

Lemma 27. The following formulas are true: 

^(a;)|,=o = -F'(g,0.)°5- 

PROOF: From the expression in Definition ^ we conclude that 
So 
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Lemma follows directly from this expression and the Definition ^ of F (g, ■. 

Lemma 28. ^ ^9*) |^=o = 0. 

PROOF: We know from Kahler geometry that ((?r)* = [Ar,9r], where is the 
contraction with (1,1) vector filed: 

on and (flj.)* is (1,0) vector field on dual to the (1,0) form 6\. = dz^ + 

^f^iT^ {J2'k=ii't'j)T:d.^ ))■ Theorem |o| implies ■^{Ar)\r=o = 0. On the other hand dr 
depends antiholomorphically on r, i.e. it depends on r = (rT, ., r^v). So we deduce that; 

^((a;)*)|.=o = [[4-{A^),dr] + [Ar, 4-{dr)]) \r=0 = 0. 

Lemma is proved. I. 
6.3. Computation of holomorphic derivative. 
Theorem 29. The following formula is true 

^ (rr(exp (-tA;,_i)) l-=o = -tTr (exp (-tA;_i)) o 9"' o F'{q,^,) o 9,) \r=o. 
PROOF: Direct computations show that: 

^ (rr(exp (-tA;^_i)) = -iexp ((-iA;,_i) o ^ (A;^_i)) |,^o. 
Lemma and ^ imply that 

(A;,„0 |,=o = {K O ^-dr) \r=0 = -{d*0 F'{q, 00 O d) |.=o. 

Since for CY manifolds of complex dimension > 3 the operators dr give isomorphisms 
between the spaces of non constant functions on Mr C°° {Mr) /C and the space of C°° dr 
closed (0,1) forms on Mr- So we have that for 9^ is well defined on the space of C°° dr 
closed (0,1) forms on Air and we have the following formula on Im9: 

Using all this information we get by direct substitutions that: 

(Tr(exp i~tA,^r)) |.=o = -tTr (exp {(-tAl,^,) o ^ (dl o 
-tTr (exp (-iA;_i) o (a* o -F'(g,0O ° s)) = 
tTr (exp (-i A;_i) o AI_^ o d'^ o F{q, (/>,) o a) = 
-tTr (^ exp i-tAl^,) o d^' o Fig, 0,) o d) . 



Theorem 2E is proved 
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|t=0 



'dt. 



Lemma 30. The following formula is true: 

/o" Tr (exp(-i(A,_i) o d^' o F'{q, 0,) o d) t'-^dt. 
PROOF: Theorem |29| imply that we have: 

-m r (ft (exp(-t(A^_ o o F'{q, o d) 

Taking into account that Theorem ^ impUcs that 

lim(rr(^ (expH(A'^_i)) o o 0,) ° ) - Ihn (-t ^Si exp(-A,t)A,a,,0 = 

and by integrating by parts as in Q we derived the formula stated in Lemma pO[ 
Lemma 30 is proved. ■. 

Corollary 31. The following formula is true: 

£ (^(C,_i(s))) |,=o = linjTr (exp(-i(A'^_i) o o F'(g,<^0 o d) . 
PROOF: Lemma |o| implies: 

ik (C.-i(^)) = rfe C Tr (exp(-t(A;_i) o d'' o ^^'(g, 0,) o d) t^-^dt. 

We already computeted the trace of the operator exp(— t(A^_]^) o d ^ o F'{q, (pi) o d 
so we obtain: 

lirnTr ^exp(— i(A^_j^) o d ^ o 4>i) o ~ lim ^ exp(— iAi)Aiaii = 

Aia„; < oo. 

From the fact that = + 0(s'^) and direct easy computations we conclude that 

J-s (^(C?-i(s))) l.=o = limTr (exp(-t(A',_i) or ' o F'{q, 0.) o d) . 
Corollary ^ is proved. ■. 

6.4. Computation of the Antiholomorphic Derivative. Corollary |3l| implies that 

we need to compute the antiholomorphic derivative =^Tr ( exp(— t(A j^) o d o F'[q,(t>i) o 

m ^ . . 

in order to finish the proof of Theorem Eq. The computations of the antiholomorphic 

derivative are based on the arguments of Quillen as modified in Q . 

Definition 32. We dehne the function kf{w,z,t) in a neighborhood of the diagonal M 
in MxM as follows: Let pr be the injectivity radius on Mr- Let driw, z) be the distance 
between the points w and z on Mr with respect to CY metric gr and let Vriw, z){q) be 
the parallel transport of the bundle il'^''^^^ along the minimal geodesic joining the point 
w and z with respect to the Levi Cevita connection of the CY metric. We suppose that 
\t\ < e. Let 5 be such that S > pr- Then we define the function kf{w,z,t) as a CP° 
function using partition of unity as follows: 
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[ i/ dr{w, z) > S. 

It was proved in on page 87 that we can represent the operator exp(— tA^-^g) by an 
integral kernel kt{w,z,T) where 

k,(u;, z, t) = (47r<)-t exp (-%^) {Vr{w, z){q) + 0{t)) . 

We will denote by Ma cMxM the diagonal in MxM. Following the arguments from 
page 258 of g, we will prove the following theorem: 

Theorem 33. The following formula holds: 
^ (log(det |,=o - lini/M {Tt ((fc#(u;,z,t) jj^^^g^) o ^ (g,0,)) k=o) ^^^(^(O)). 

PROOF: An easy calculation, using the fact that "^{F ('/', (7))|r=o = 0, Theorem 

pO| , and the definition of £(w, z, t) = cxp(— Ag)— k^(w, z, t), show that on the diagonal of 
MxM for t > we have 

|-log (detA';j 1,^0 



-J^(/m. (^'^ (exp(-i(A.,,) 



lm(a)) + 



-J™/M^o(u;,2:,i) i^(B) F {q,(l)i)vol = 
hm ((47rt)-t j^^ Tr ((exp (-%^) T'.Ct., z)(g)|..o) ° ^^'(9,'/'^)) ^^oZ) 



-lim 



On the other hand, the definition of k^(z/;, z, i) implies that exp(— A^)— k^(z/;, z, = 
Sq{w, z, t) is bounded and tends to zero away from the diagonal, as t tends to zero. From 
here we deduce that 

-^Ma ^'^ ((£o(^' ^' |lm(9) (9, '/'^)) ^-O^ = 0. 

uniformly in z. Thus, to calculate the limit 

we may replace the Heat kernel exp(— iA'V.ij) by its explicit approximation k^(u', z, t). 
So we deduce that 

^ (log(det A;^ 1^=0 = -lun/j^^Tr (fcf(w,z,i) j^^g^ oF'(g,<^o) \r=ovol. 

This proves Theorem |33[ ■ . 

Corollary 34. LetPr^ be the projection operator from L^(M,il'''''^) to L^q ^-^ (Im(9)), tierz 
we iiave the following formula: 
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^ (log(det;(0)) = 
lun^ J^Tr (^(Ft, (exp-%^) oJ^ (VAw, z){q) {^^o)) o F' {q, cj,,)) vol. 

PROOF: The proof of the coroUary foUows directly from Theorem ^ and the fact 
that computation of the trace of a kernel means to restrict the kernel to the diagonal. 
From here we deduce that: == (d^(it;,z)) 1^=^ = 0. Now CoroUaryjU follows directly. ■. 

Theorem 35. ==VT-iO, z){q) — F'(q,(j)j) + 0{T),where F (q,4>j) is defined in Definition 

PROOF: We will prove the theorem first for q=l. In this case the operator Vriw, z) 
is the parallel transportation for the bundle fl'^'^ and it defines a linear map: Vr{w,a) : 

T ~^ ^z'r- Once we prove Theorem ^ for q=l, the general case will follow directly 
from standard facts from linear algebra. 

Since g,- is a Kahler metric, the parallel transport operator Vt{w,z) preserves the 
splitting of the complexified cotangent bundle of M into (1,0) and (0,1) forms. So the op- 
erator Vt{w, z) maps linearly ri°'3r to ^^z}r- The parallel transportation operators Vt{w, z) 
are defined by the Levi-Chevita connection Vr of the metrics gr. We are going to study 
the local expansion of Vt{w, z) in terms of t. It is a standard fact that 

In order to define the parallel transportation between to fi^'^J. we need to join the 
points w and z by geodesies. We will suppose that w and z are "close". This assumption 
can be made since we need to compute a trace of an operator given by some kernel. So 
our computations will be done on the diagonal McMxM. So from here it follows that we 
can joint w and z with a unique geodesic. The parallel transportation of the (0,1) form 
rj G ri'^'i^QlT-gN, from a point w to a point z is given by solving the equations for fix t : 

V«^i (7rp)r;) := a;(4°-i'ry) = 

Vl'° (7:?''^li) - {dr - {g-'dr9r) {^^r^'^m) = & ^^(O) = 1^. 

where Tri^''^-' and tt^'^^ are the projection operators on (1,0) and (0,1) forms on the 
complex manifold Mt-. Without loss of generality we can assume that w = Q. So we can 
write the following expression for the parallel transportation operator: 

Vr{Q. z){r^) = 7rii'°)(ry) + ^i°'''(?7) + z{Br{ri)) + 0{z^) 

for point z gM,- near the fix point cM,- and Br is a linear operator depending on r, 
i.e.: Br'-^^^r^ ^^z.'-P- Kodaira-Spencer deformation theory implies that depends 

holomorphically on r. This fact implies that: 5'^ ^vri^'"-*^ = 0. So we obtain the following 
formula: 

i(P.(0,z)(r7))=<5;(^^^)(^)) + O(z) 

for z near 0. It is easy to see from the definition of the tangent space to a point of the 
Grassmanian of ^^^r^ C Tq C that (5^' {'K^r'^^) |r=o — 4>j- This implies that for z = we 
get 
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where 0, : C°°(Af, Q^'") C°°{M, fl"^^) is the Behrami operator when z = 0. So our 
Theorem ^ is proved for q=l. 

In order to prove Theorem 35 for any g > 1, we to notice that for ni < .. < Uq : 

V (dT' A . A di"') = Er=i(-lP~' (^"' A . A (V(di"')) A . A di"') . 

From here the last formula in Theorem ^ follows directly once it is established for 
the case q=l. Our theorem is proved. ■. 



We are now ready to end the proof of Theorem 26 



Theorem 36. The following formula is true for q>0: 



(logdet A;,„i) |,=o = Tr [^F (g, <f>,) o F' {q, ^,)^ 

PROOF: Corollary p4| and Theorem |35| implies that we have the following formula: 

-a;$^(logdetA;^_Ol-o = 
-1^(4^/m. {^"^ (P^'? ((c'^P-T^) "-^^ {VAw,z){q))) \r=o)o F'{q,cf,,)) vol - 



- 1™ {wtr /m. Tr (Pr, (exp - o F' {q, 0, ) o f' (q, 0,)) ^o^) 



Since 



-lim 



where Dirac{6) is the Dirac delta function. So we obtain that 

-^(log (det;„i(0))) \r=o = Tr (f' {q,^{) o F' {q.cjy,)) 



This proves Theorem 36 



In order to end the proof of the Theorem ^ we will need the following lemma from 
linear algebra: 

Lemma 37. Let F be a linear map of a vector space V of dimension n. Then the linear 
operator F/\id on A'V for 1< q < n has a trace given by the formula: Tr(FAid)= 
CzDTriF). 

PROOF: The proof is obvious. ■. 
Theorem 38. Tr (g, (^O^^^?^) = C,-!) <^^,<I>J> ■ 

PROOF: Applying the variational formula from Theorem |3^ for q=n-l we get that 
-dTM (det:_i(0))) - Tr (F'(n, 0,)F'(n, 0,)) = Tr (f' (n, c^.)¥mJ)) . 



It is easy to see that the composition of the maps F (n, (fii) and F' {n, <pj) is defined on 
the Hilbert space h^{M,n°'"), i.e. 
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From Hodge theorem and the definition of CY manifold we deduce that: L'^{M, = 
Im(9) © CuJ^. From here and from Lemma |3^ we obtain that 

-0^. (log (det;_i(0))) |.=o = Tr (^F{1, 0,) ° F(W) • 

On the other hand, the Hodge star operator * for CY metric on CY manifold M, gives 
us a spectral isomorphism between the Hilbert spaces 

* : L2(M,n0'0) ^ L2(M,f]0'"). 

Since the antiholomorphic form ZZv is a parallel form with respect to the Levi-Chevita 
connection of the CY metric we can deduce that the Hodge * operator gives a spectral 
isometry between those two spaces. From this fact and the fact that 

Tr o F(l,,^,)) . 0„ 0, > 

we conclude that: 

-A h hoiO))) \r^o = -^ (log (det;_,(0))) = 
Tr (f^(l,0,)oF(l,</>,)) . (/.J > . 

This proves Theorem 26 when q=0 and q=n-l. The formula we just proved, i.e. 

Tr (i^(l, o F(W) • '^J > 

Theorem ^ and Lemma ^ directly imply Theorem ^ for any q. ■. 

7. Some Applications. 
7.1. Computation of the Analytic Torsion. 

Theorem 39. Let M be an odd dimensional CY manifold, then 

log(/(M)) = -21og(det(Ao)). 

PROOF: It is a standard fact that 

log(/(M)) = E;ro'"+'(-l)''9log(det(A,)) = ^^^^"'''(-l)' log(det(A;)) 

From the formulas: 

log(det(A,)) = -C^^(0), 
Ca,(s) = ^l°°Tr{eM-tA,))t^-'dt 
Ca;W = r^/o°°Tr(exp(-tA;))i^-idt 

and Theorems ^ & ^ we deduce that log(det(A^)) = ("^^) log(det(Ao)). From here 
we obtain that 

log(/(M)) = E:=i(-1)^(";') log(det(Ao)) + log(det(Ao)). 
From the equality: 

(i-i)"-^ = (E;ro(-i)nV)) = o 

we conclude that log(/(Af)) = — 2 log(det(Ao)). Theorem p9| is proved. ■. 
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7.2. Some Invariants of the Short Term Asymptotic Expansion of the Heat 
Kernel. From the well know fact that for small t we have Tr(exp(-iAo)) = ^^4^ + 
■^1^ + .. + ao + h{t,T,T), we will deduce that: 

Theorem 40. Suppose that M is a CY manifold and g is a CY metric witli a fixed class 
of cohomology, then the coefEcients ak for k=0,.,n in the expression defined above are 
constant which depends only on the CY manifolds and the fixed class of cohomology of 
the CY metric 



Idea of the Proof. We know that the moduli space of CY metrics g with fix 
class of cohomology is the same as the moduli space of complex structures. This follows 
directly from the uniqueness and existence of the solution of the Calabi problem. See . 
From here and results of Kodaira it follows that Tr(exp(— ^Aq)) is a smooth function with 
respect the coordinates t = (ti, ., tat) of the Kuranishi space /C(M). If we prove that 



liniA (rr(exp(-tAo))) - lim^ + ^ + + + h{t,r,r)) 



C < CO, 



then this implies that at for k ~ 0, ..,n = dime M are constants on the moduli space. 
PROOF: Let F'{l,(f)) be the operator defined in Definition [T^ and let ^ a^i be its 
trace, then we have: 

Lemma 41. The following formula is true: 

{Tr{exp{-t/\rfi))) \t=o = ^YhLi e:xp{-t\i)\ian < co, 

for all t > 0. Xi are eigen values of the Laplacian Aq on Mq and . 
PROOF: According to Theorem ^ the following formula is true: 



^ (rr(exp i-tK^o)) \r=o = ^tTr (| (exp {-tAl)) o d o F'{1, 4>) o 
According to Theorem |20| we have 

Tr (exp (-tAo)) o 9"' o ^^'(1, 0) o a) = -t YZi ^» exp{-t\,)au < oo. 
Lemma |4l| is proved. I. 

Since {A„} for n > 1 are the eigen values of the Laplacian Aq then 

lim A„ ({n^^)-A = C > 0, 

where dimcM is the complex dimension of M. From here and the fact that the kernel 
of the operator $ is a matrix with C°° coefficients we derive that X^i^i ^i'^u < 
Lemma 41 implies that 

lim^ (Tr(exp (-tAo)) = lim^Z^i^i Kexp{-tXi)aii = 0. 

This will imply that ^ (ofe) — 0, for fc = 0, ., n. Since rr(exp(— iAo)) is a real function 
when t £ R and i > 0. So ^ (ok) — implies Theorem 40 directly. Theorem ^ is proved. 
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8. The Analytic Torsion on CY Manifolds is Bounded. 
Theorem 42. Let M be any CY manifold, then 0<det{Aq)<CqforO<q<n^ dim M. 

8.1. Outline of the Proof that of the Ray Singer Torsion on CY Manifolds is 
bounded. Theorem ^ implies that in order to prove Theorem ^ it is enouph to bound 
det(Ao). The bound of det(Ao) is based on the following expression for the zeta function 
of the Laplacian acting on functions: 

Co(s) = rk ir {Tr{exp{~tAo)r-'dt = 6o + &is + 0{s^). 

From the definition of det(Ao) it follows that det(Ao) = exp(— 6i). So if we bound 
bi Theorem ^2] will be proved. The bound bi is based on two facts. The first one is the 
following asymptotic expansion of the Tr(exp(— tAo) : 

TrieM-tAo)) = (ELo t) + 0{t) = ^ + ^ + .. + ao + 0(0, 

where n=dimcAf and k(g) is the scalar curvature of g. See J7^ on page 79. The 
second one is the explicit formula for bi in 

bi = lao + ELi t + Jo (rr(exp(-tAo)) - ELo t) f + T rr(exp(-tAo))^, 

where 7 is the Euler constant. We will show that bi — C + V'(^, t, r), where ipit, t, t) > 
0. From here we will obtain that det(Ao) < exp(— C). 

8.2. Proof of that the Analytic Torsion is Bounded. 

Remark 43. From now on we will consider the following situation: We will restrict our 
function h(t,T,T) on an one dimensional disk in the Teichmiiller space T(Af) of M and 
this disk is defined as follows: (p G M.^{M,T^''^) and let 

0(r) :=0r+i9*G[(/)(T),0(r)]. 

then we know that the Beltrami differential (j) (r) is well defined C°° section of 
{Mq, Hom{fl^'^ ,Q'^'^)) in a small disk for \t\ < e in the Teichmiiller space T(M). 

Theorem 44. — log(det(Ao)) = &i(t, r) = C + t/j{T,T), where C is a constant and 

^{T,f) > 0. 

PROOF: Let us define V'i(T,r) := -^X=bi{T,T). Theorem || implies that -0i(t,t) > 
0. Let us define 

^(^'^) - 1:;^ II\w-T\<lMT-,T)G{T,w)d{w) Adjw), 

where G(r, w) = — log \w — r| is the Green kernel of the Laplacian ^ . Clearly since 
i/'i(t, r) > and G{t,w) > for |t — luj < 1 we can conclude that iP{t,t) > 0. From 
■ i . definition of the Green kernel we obtain that —^=^(t,t) = " bi(T, t) = ihi{T,T). 

or OT ^ ' or or ^ ' t \ ^ / 

This fact implies that bi(T,T) = ■\1}(t,t') + +5(r), where g(r) is a complex analytic 
function in the disk D defined in Remark [43. 



Lemma 45. g(r) ~ const. 
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7«o + ELi t + /o (rr(exp(-tAo)) - ELo t) f + T rr(exp(-iAo))f . 



= Ts (Cao(s)) |.=o - f (i^ r (Tr(Aexp(-tAo))) i^f ) |.=o = 
f (rW /o°° ESi A. exp(~a,)a,.) t^f ) |..o = (ESi Af a..) |s=o = E^^i log (A.) a. 



Kodaira proved that the positive eigen values of the Laplacians 9,-° dr depend on a 
C°° manner in a small neighborhood of tq G Z?. See From here and the formula: 
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